LOG CANONICAL MODELS FOR THE MODULI SPACE OF POINTED 

STABLE RATIONAL CURVES 



HAN-BOM MOON 



Abstract. We run Mori's program for the moduli space of pointed stable rational 
curves with divisor K + ^ cLi'i\>i. We prove that, without assuming the F-conjecture, 
the birational model for the pair is the Hassett's moduli space of weighted pointed sta- 
ble rational curves, without any modification of weight coefficients. 



1. Introduction 

The Rnudsen-Mumford space Mo,n/ or the moduli space of pointed stable rational 
curves is one of the most concrete and well-studied moduli spaces in algebraic ge- 
ometry. For example, it is well-known that Mo^n is a smooth projective fine moduli 
space ([Ke92, Knu83]). Also the cohomology ring, the Chow ring and the Picard group 
are known ([Ke92]). There are several concrete constructions by using explicit meth- 
ods such as smooth blow-ups ([Kap93, Ke92]) or by geometric invariant theory (GIT) 
as quotients by a small dimensional algebraic group ([HKOO, KMIO]). Futhermore, 
there are various different compactifications of the space of smooth pointed rational 
curves such as Hassett's moduli spaces of weighted pointed stable rational curves Mq,^ 
([Has03]), the GIT quotients of the product of the projective lines ([Kap93]) and the 
moduli spaces of pointed conies ([GSIO]). All of these are birational models of Mo,n- 

In spite of these numerous achievements, the birational geometric aspects of Mo,n 
are not fully understood yet. For instance, the Mori cone NEi (Mo,n) (dually, the nef 
cone Nef(Mo,n)) is unknown. There is a conjectural description of this cone which is 
proved for n '< 7 ([KMc96]). 

Conjecture 1.1 (F-conjecture). Any effective curve in Mo,n is numerically equivalent to a 
nonnegative linear combination of vital curves. In other words, every extremal ray o/lMEi (Mo,n) 
is generated by vital curve classes. 

Recently, there has been a tremendous amount of interest in the birational geometry 
of Mo,n ([AS08, FedlO, FS08, GSIO, Has03, HKOO, Kap93, Sim07]) and more generally 
of Mg n^. In particular, one can run Mori's program (or the minimal model program) for 
Mo,n with a big Q-divisor D of Mo,n/ by finding a birational model 



(1) Mo,n(D] := Proj ^ H"(Mo,n, 0(lD)) 
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where the sum is taken over I sufficiently divisible, and giving a moduli theoretic de- 
scription to this birational model. 

The most prominent two results in this direction are the following. Set m = [j\ . Let 
be a rational number in the range -^^^^^ < ek < for k = 1 , 2, ■ ■ ■ , m — 2. For 
e > 0, let n ■ e = (e, ■ ■ ■ , e) be a symmetric weight datum. 

Theorem 1.2 (Simpson [AS08, FS08, KMIO, Sim07]). Let ^be a rational number satisfying 
< |3 < 1 and let D = Mo,n — Mo,n denote the total boundary divisor. Then the log 
canonical model 

(2) Mo,n(KM„,^ + |3D) = Proj ( H°(Mo,n, 0(l(K^;f^,^ + (3D))) 

\ l>0 

satisfies the following: 

(1) Vl^l < (3 < ^^forl^ k < TTL - 2, then McnlK^^,^ + |3D) = Mo^n-e,- 

(2) J/^ < (3 < then Mo,n(%^^ + |3D) = (pi)'^//SL(2) where the quotient is 
taken with respect to the symmetric linearization C(l , ■ ■ • , 1 ). 

The other result concerned non-symmetric weights and higher genera is the following 
theorem of Fedorchuk. It is an answer to the question of Hassett ([Has03, Problem 7.1]). 

Theorem 1.3. [FedlO] For every genus g and weight datum A, there exists a log canonical 
divisor Dg__4 on Mg^^^ such that the log canonical model Mg^ntKivr + Dg,^) is isomorphic to 

Very recently, in [MolO], the author finds an universal formula generalizing Theorem 
1.2 to non-symmetric weights A = (ai, ai, ■ ■ ■ , Qn), and proves it with assuming the 
F-conjecture. 

Theorem 1.4. Let A = (ai, a2, ■ ■ ■ , Qn) be a weight datum. Then the log canonical model 
Mo,n(K^,^ + Lr=i ^(^i) ^'s isomorphic to Mq,^. 

The aim of this paper is proving Theorem 1.4 without assuming the F-conjecture. 

Here is an outline of the proof. Let A_4 = ^ + YJi=\ ^(^i- Let cp^ : M.o,n M-o,^ be 
the reduction morphism. By computing the push-forwards and pull-backs of divisors 
(See Section 2.2.), we prove that A_4 — (p^q)_4^(A_4) is an effective divisor supported on 
the exceptional locus of cp^. Thus 

H°(Mo,n,0(A^)) = H°(Mo,^,0((p^.(A^))) 

by [DebOl, Lemma 7.11]. Hence if we prove that (p_4^,(A_4) is ample on Mq,^, then we 
have 

Mo,n(A^) = Proj (0H°(Mo,n,O(lA^)) 

\ l>0 

= Proj (0H°(Mo,^,(9(l(p^,(A^))) ) =Mo,^. 

\ l>0 
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For proving the ampleness of (p^*(A^), we follow the strategy of Fedorchuk in 
[FedlO]. Firstly, we can express (p^*(A^) in terms of tautological divisors on Mo,^. 
Then by using a positivity result of Fedorchuk (Proposition 3.3) and the induction on 
the dimension, we prove that (p^^.(A^) intersects non-negatively with all irreducible 
curves on Mq,^, so is nef. Moreover, we proved that small perturbations of cp^* (A^) by 
boundary divisors are again nef. Since the Neron-Severi vector space (Mq,^] is gen- 
erated by the boundary divisor classes, this implies that (p_4*(A^) lying on the interior 
of Nef (Mo,^), so it is ample by Kleiman's criterion. 

For boundary weight cases, Kapranov's morphism 7t^ : Mo,n (P^]"^//SL(2) plays 
the same role of the reduction morphism. By the similar strategy, we prove the follow- 
ing theorem in [MolO]. 

Theorem 1.5. [MolO] Let ^ = (ai, ■ • • , Qn) be a boundary weight data, i.e., Y.'i^] O-i = 2. 
Then the log canonical model Mo,n(K]y[Q ^ + YJi=^ '^i^i) isomorphic to (P^ )"^//lSL(2]. where 
L is the linearization (9(ai, ■ • ■ , an). 

By direct computation, it is easy to see that item (1) of Theorem 1.2 is a special case of 
Theorem 1.4 (see Remark 3.8). Also, we can regard item (2) of Theorem 1.2 as a special 
case of Theorem 1.5. 

It is well known that the dimension of the Neron-Severi vector space N^(Mo,n) is 
T^-^ - (2) - 1 ([Ke92]). But by Theorem 1.4, to get Hassett's spaces Mq,^, it suffices to 
run Mori's program for an n-dimensional subcone of (Mo,n) only. So we can guess 
that there are huge unknown families of birational models of Mo,n other than Hassett's 
moduli spaces. 

This paper is organized as follows. In section 2, we give some known facts about 
and its divisor classes. Essentially there is no new result in this section. In section 
3, we give a proof of Theorem 1.4. 

Acknowledgement. It is a great pleasure to thank my advisor Young-Hoon Kiem. 
Originally finding an universal formula for log canonical models of Mo,n is a question 
raised by him. Without his patience and advice, it is impossible to finish this project. 
I would also like to thank Maksym Fedorchuck for invaluable discussions and com- 
ments. 

2. Some Preliminaries 

2.1. Moduli space of weighted pointed rational stable curves. A weight datum A = 
(qi , a2, ■ ■ ■ , an) is a sequence of rational numbers such that < ai < 1 and Y^=^ > 2. 
A family of rational curves with n marked points over a base scheme B consists of a 
flat proper morphism tt : C ^ B whose geometric fibers are nodal connected rational 
curves, and n sections si , si, ■ ■ • , Sn of tt. 

Definition 2.1. [Has03, Section 2] A family of rational curves with n marked points 
7t : (C, Si, ■ • • , Sn) ^ B is A-stable if 

(1) the sections si , ■ ■ ■ , Sn lie in the smooth locus of n; 
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(2) for any subset {si, , ■ ■ ■ , StJ of nonempty intersection, a,,, + ■ ■ • + at^ < 1 ; 

(3) Wt^ + Y_ liSi is TT-ample. 

For any weight data A, there exists a connected projective smooth moduli space Mq,^ 
([Has03, Theorem 2.1]). Note that when ai = ■ ■ ■ = an = 1, Mq,^ = Mo,n. 

Let A = (ai , ■ ■ ■ , an), i3 = (bi , ■ ■ ■ , bn) be two weight data and suppose that a^ > 
hi for all 1 = 1 , 2, • • ■ , n. Then there exists a birational reduction morphism ([Has03, 
Theorem 4.1]) 



For (C, si, ■ ■ ■ , Sn) G Mo,^, (Pa,b{C, si, • ■ • , Sn) is obtained by collapsing components 
on which uoq + Y. ^i^t foils to be ample. Every reduction morphism is a divisorial 
contraction. 

In this article, we use reduction morphisms from Mo,n only. So we use more concise 
notation 



It is a composition of blow-ups along smooth subvarieties ([KMIO, Moll]). 

2.2. Tautological divisors on Mo,^. In this section, we recall some information about 
several functorial divisors on Mq,^. Most of results in this section are spread on many 
literatures for instance [AC96, AC99, FedlO, FS08, HM98, Has03]. Some of results are 
simple generalization or modification of them. 

Let [n] = {1 , 2, ■ • • , n}. For I c [n] such that 2 < |I| < n - 2, let Dj c Mo,n be the 
closure of the locus of curves C with two irreducible components Ci, Cjc such that i-th 
marked point lying on Ci if and only if i G I. So Dj = Die These divisors are called 
boundary divisors. By [Ke92], boundary divisors generate the Picard group Pic(Mo,n] 
and Neron-Severi vector space (Mo^n)- 

Let A= (ai, a2, ■ ■ ■ , an] be a weight datum. For I c [n], let wi := Y.iei '^i^- There are 
two kinds of boundary divisor classes in M.o,a ^or a general weight datum A. 

(1) Boundary of nodal curves: Suppose that wic > wi > L Let Di be the divisor 
of Mo,^ corresponding the closure of the locus of curves with two irreducible 
components Ci, Cic and St G Ci if and only if i G I. Let Dnod be the sum of all 
boundaries of nodal curves. 

(2) Boundary of curves with coincident sections: Suppose that I = {i, j} and wj < L 
Since w = W[n] > 2, this implies wjc > wi automatically. Let Di be the locus of 
Si = Sj. Let Dscc be the sum of all boundaries of curves with coincident sections. 

Since the reduction morphism cp^ is a composition of smooth blow-ups, one can easily 
derive following push-forward and pull-back formulas for divisor classes. 

Lemma 2.2. Let cp^ : Mo,n ^o,A the reduction morphism. For I c [n], let wj = 
^.gj at. Assume wi < wjc /or every Dj. 
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(2) (p^(Di] = 



Di + <i Dj, Di is a boundary of curves with coincident sections 

Di, otherwise. 



Let 71 : U ^ Mo,^ be the universal curve and : Mq,^ U for i = 1 , ■ ■ • , n be 
the unversal sections. Let w = Wu/Mo a relative dualizing bundle. Then we can 

define several tautological divisors on Mo,a by using w and the intersection theory. 

(1) The kappa class is k = 7r*(cf (cu)). This definition is different from ki in [AC99]. 

(2) For 1 < 1 < n, let Lt be the line bundle on Mq,^, whose fiber over ( C, si , S2, ■ ■ • , Sn) 
is Ocls^, a cotangent space at Si in C. The i-th psi class is i^i = Ci (L^). In terms 
of the intersection theory, — 7r*(cu ■ ffi) = 7r^(— cr?). The total psi class is 

(3) The boundary of curves with coincident sections D{i j} is equal to 7r*(CTi ■ aj). 
We focus on the genus zero case only, so the lambda class A = ci (7r*(a))) is zero. 

Next, consider the push-forwards and pull-backs of several divisors. 
Lemma 2.3. Let (p_4 : Mo,n ^ ^o,a the reduction morphism. 

(1) (p^^iKj^^J = KjT^. 

(2) (pA*i^i) =^i + I_ D{y}. 

(3) V*J^\>i]^^\>i-Ziei Di. 

WI<1 

Proof. Since the discrepancy is supported on the exceptional locus, item (1) follows im- 
mediately. Item (2) and (3) are more careful observations of the proof of [FS08, Lemma 
2.4] and [FS08, Lemma 2.8] respectively. Item (3) is also a corollary of cumbersome 
computation using Lemma 2.2 and [FG03, Lemma 3.1]. □ 

For I = {ii , ■ ■ ■ , ir} C [n], let Dj be a boundary of nodal curves. Set F = {ji , ■ ■ • , jsl- 
Then Dj is isomorphic to Mo,Ai ^ ^o,Aic where = (ai, , ■ ■ ■ , ai^, 1 ) and Aic = (aj, , ■ ■ ■ , aj^, 1 
Let rji : Mo,^, x Mq,^, ^ Di ^ 1^o,a be the inclusion morphism. Define 7ti for i = 1 , 2 
as the projection from Mo,^; x Mo,^, to the i-th component. 

Lemma 2.4. Let r\i : Mq^^j x Mq,^, ^ Di ^ Mo,a the inclusion morphism. Let p (resp. 
q) denote the last index of Ai (resp. A]) with weight one. 



(2) 



(1) ti*(k) =7rt_(K + iI;p)+7r|(K + iJ^q). 
n*[^\)^), iGl 

(3) For J c [n], suppose that Dj be a boundary of nodal curves. 
'ttUDj), jci 
7t|(Dj), J C Y 

n][^\>^)+nl[^\>^), J = I 
0, otherwise. 
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(4) Suppose that + aj < 1 . 

I 0, otherwise. 

Proof. The proof of these items are essentially identical to the case of M.o,n- Item (1) is 
in [AC96, Section 1]. Items (2), (4) are clear. The only non obvious part of item (3) is 
due to [HM98, Proposition 3.31]. □ 

Let J C [n] be a maximal subset of [n] such that o^i ^ ^ • Let A' be the new weight 
data obtained by replacing weights indexed by J by one weight ^j^j cij. Then the locus 
of Oi = ffj for all i, j G J is isomorphic to Mo,yi' because we can replace sections {cTjljgj by 
one section with weight ^^^j aj. Let xj : Mo,^' ^o,a be the replacement morphism. 

Lemma 2.5. Let xj : Mo,.4' Mo,.4 ihe replace morphism. Let p denote the unique index 
of A' replacing indices in J. 



(1) x][A>i 



ll^p, 1 G J. 

(2) Xj(Dnod) =Dnod. 

(3) Suppose that Djij} is a boundary of curves with coincident sections. 

D{i,j}> i-) j ^ J 
Xj(D{g}) = <; D{i,p}, i^JjGj 

-i|^p, i,jGj. 

Proof. Essentially this is a restatement of [FS08, Lemma 2.9]. □ 

Finally, let us recall the canonical divisor of Mo,^. The foil wing formula is a conse- 
quence of Hassett's computation of the canonical divisor and the weighted version of 
Mumford's relation k = -D^od ([AC99, (3.15)]). 

Lemma 2.6. 

n n 

(3) K^^„^ = -2Dnod + il^i = 2k + 

i=i i=i 

Proof By [Has03, Section 3.3.1], 

(4) %o,. = {|^-TlD„od + ^^b^ 

By the ordinary Mumford's relation k = — Dnod on Mo,n/ (p.4*(Dnod) = Dnod + Dsec and 
Lemma 2.3, it is straightforward to check 

13 11 n 

Thus K = —Dnod on M.o,a too. Substitute it to the right side of (4), we get the above 
formula. □ 
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3. Proof of Theorems 

In this section, we prove our main theorem. Through this section, we will assume 
TL > 4. If n = 3, then M03 is a point, so there is nothing to prove. 

Theorem 3.1. Let ^ = (ai, aa, ■ ■ ■ , Qn) be a weight datum. Then the log canonical model 
Mo,n(%o^ + Lr=i •^i^i) isomorphic to Mq,^. 

Proof. Fix a weight datum A = (ai , ai, ■ ■ ■ , an). Let = K^y^^ ^ + Y^=^ '^(^i- Set C = 
{I C [n]|wi = Y-ie\ <ii ^ 1 ) 2 < |I| < n — 2}. By Lemma 2.3 and 2.6, it is straightforward 
to check that 



i=l i<j 

Qf+a! <1 

(5) . 



-2Dnod + _^(l +ai)i|;i+ Y_ (ai + aj)D{y}. 



i=l i<) 



By Lemma 2.2 and 2.3, 

n 

cp:^(p^*(A^) = -2D„od + 2^2 Di + + Qijil^i - _^(|I| + wi)Di 

lec 1=1 lec 

+ _^(ai + aj)D{g} + _^(|I|-1)wiDi 



^ ' i<] lec 

at+Qj |I|>3 
n 

= -2Dnod + + atjiPi + _^(|I| - 2)(wi - 1 )Di. 
i=i lec 

So 

(7) A^ - (p:^(P^.(A^] = }^(|I| - 2)(1 - Wi)Di. 

lec 

Note that for every I G C, |I| > 2 and wj < 1 by the definition of C. So the difference 
^A~'^*A^A* [^a) is supported on the exceptional locus of cp^ and effective. This implies 
that 

H°(Mo,n, A^) = H°(Mo,n, (p:4(P^*(A^)) = H°(Mo,^, cp^.(A^)) 

by [DebOl, Lemma 7.11]. The same statement holds for a positive multiple of A^, too. 
Therefore from the definition of the log canonical model, we get 



V l>0 / 

Proj (0H''(Mo,^,C»(l(p^.(A^)))). 



(8) 



l>0 
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If we prove <Pa*{^a) is ample, then the last birational model is exactly Mq,^. So to 
prove the main theorem, it suffices to show that (p^*(A^) is ample on Mq,^. This is 
done in Proposition 3.2 and 3.5. □ 

Proposition 3.2. Let ^ = (ai , ■ ■ • , Qn) be a weight datum and let = ^ + tiiU'i- 
Then for the reduction morphism (p^ '■ Mo,n Mq^^, (Pa*{^a) a nef divisor on Mq^^. 

The key ingredient is the following positivity result of Fedorchuk [FedlO]. Fedorchuk 
gives an elementary and beautiful intersection theoretical proof of this result. As Fe- 
dorchuk mentioned in [FedlO], it can be proved by using the semipositivity method of 
KoUar in [Kol90, Corollary 4.6, Proposition 4.7]. 

Proposition 3.3. [FedlO, Proposition 2.1] Let n : S ^ B be a generically smooth family of 
nodal curves of arithmetic genus g, with n sections cti , ■ ■ ■ , over a smooth complete curve 
B. For a weight datum A= (ai , ■ ■ • , an), suppose that 

n 

L := cu„ + ^ ai^i 

is n-nef. Suppose further that o"i, , • ■ ■ , Gx^, can coincide only ifY.j cJ'ij < 1 ■ Then L is nefon S. 

If 7t : S ^ B is a generically smooth family of ^-stable curves, or more generally 
^-semi-stable curves (allowing irreducible components with 2 nodes and no marked 
points), then the assumptions of Proposition 3.3 is satisfied by the definition of A- 
stablility. 

We need an effectivity result first. 

Lemma 3.4. Let n : S ^ B be a family of A-stable curves with n sections cti , ■ ■ ■ , ct^ over a 
smooth complete curve B. Then 2(Vn + effective. 

Proof. We will use induction on n. For n = 4 case, the result is a direct computation. 

By [HM98, 118p], S has at worst singularities only. An A^ singularity is Du Val, 
so if p : S ^ S is a minimal resolution, then cu„op = 9*[(X)n] and p*(uj„op) = cUp- Thus 
we may assume that S is smooth. 

Suppose that for J c [n] with |J| > 2, Gi = ffj for all i, j G J. We may assume that 
J = {1 , 2, ■ ■ ■ , ra} for some ra < n. Then by pull-back along xj : Mo,a' ^o,a (see 
Section 2.2), we may assume that (tt : S ^ B, cri , ■ ■ ■ , cfn] is a family of v4'-stable curves 
(t: : S ^ B, ffra, cTm^+i, • ■ ■ , G-n) with IJI — 1 additional sections cti, era, • ■ ■ , cr^^-i- By the 
induction hypothesis, 2a)7t + ^JXm i^ effective. So 2a)7t + ^JXi = (2a)7t + X.iLm ^0 + 
Y.i=\^ o"i is effective, too. Thus we may assume that all sections are distinct. 

After taking several blow-ups along points with two or more sections meet, we get 
a family of (1 , 1 , ■ ■ ■ ,1 )-semi-stable curves (tti : S^ ^ B, cr] , • ■ ■ , gI). Let pi : Si ^ S 
be the blow-up. If there exist (— 1 ) curves with exactly 2 sections, after contracting 
these (—1 ) curves by blowing-down, we get a family [tij : S2 B, cr^, ■ • • , cr^) of 
(1 /2, ■ ■ ■ , 1 /2) -semi-stable curves. Let pi : Si ^ S2 be the blow-down morphism. Over 
S2, 2cvn2 + ^iLi °"i i^ by Proposition 3.3 and thus effective. 
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(9) 



Si 







B 



From (1 /2, ■ • • ,1 /2) -stability, we know that for each point in Si, at most two sections 
meet at that point. Let xi , ■ ■ ■ , be points with coincident sections. Then p2 is the 
blow-up along xi , ■ ■ • , x^. Let Ei , ■ ■ ■ , be the exceptional divisors. By the blow-up 



formula, cun, 
(10) 



pKcu.J + Z.U Ej- Also LLi o-J = pKLHi -2L,=i Ei- Thus 

n n 



i=l 



SO 2cUn, + X^[Li is effective. 

Finally, pi*(cun, ) = cu^t and Pu(cr-) = cTi^ since pi is a composition of point blow-ups. 
Thus 2a) 7t + ^r=i "^i^ = Pi*(2uj7t, + cr- ] is a push-forward of an effective divisor. 
Hence it is effective, too. □ 

Proof of Proposition 3.2. For n = 4 case, since Mq,^ = lVlo,n = ^\ the result is a conse- 
quence of a simple direct computation. So we can use the induction on the dimension 
n. 

To prove the nefness of (p^*(A^), it suffices to show that for every complete irre- 
ducible curve B Mo,.4/ the restriction of (p_4*(A^)|b has nonnegative degree. By 
composing the normalization B^ —) B, we may assume that B is smooth. 

By equation (5) and k = — Dnod (see the proof of Lemma 2.6), it is straightforward to 
check that 



(11) 



(12) 



i=l 



n 

i=1 i<i 



Qi + Qj<1 



For a boundary divisor Dj of nodal curves, let rji : Mq^^j x Mq^^jc Di ^ ^o,a be the 
inclusion of boundary. We will use the same notation in Section 2.2. By Lemma 2.4 and 
(11), it is straightforward to check 



(13) 



Thus for a curve B supported on a boundary, the degree of (p_4*(A^) is non-negative 
by induction. Therefore it suffices to check for a family S ^ B whose general fiber is a 
nonsingular curve. 
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Note that tu • cTi = — cr? by adjunction formula and ffi ■ aj = if at + aj > 1 . Therefore 



2cu^ + _^(1 +aO(a)-cTO+ (at + aj)(ai ■ aj) 

i=l i<j 
n n n 

(14) = 2cu^ + _^(a) ■ 00 + ^ 2ai(cu ■ cti) + a^a^ + _^(ai + aj](ai ■ cXj) 

i=l i=l i=l i<j 

n n 

= (cu + ^ QicrO ■ [2w + Y_ o'i). 

i=l i=l 

Hence it suffices to check that deg7t^,((cu + Y.^=] it^'t] ■ (^cu + Y.^=] o"i))lB > 0. By 
Proposition 3.3, cu + aifft is nef on S. By Lemma 3.4, Zcu + cTi is effective on 
S. Thus the intersection is non-negative and the result follows. □ 

Next, we prove the ampleness of (p^*(A^). This is an application of the perturbation 
technique of Fedorchuk and Smyth introduced in [FS08]. 

Proposition 3.5. Within the same assumption of Proposition 3.2, (p^^ [Aj^] is an ample divisor 
on Mo^A- 

Proof. We will prove that the following statement: For Mo,^, there exists > such 
that q)_4*(A_4) ■ B > for every irreducible curve class B. This implies that q)_4*(A_4) 
lies on the interior of Nef (Mq,^], so by Kleiman's criterion, (p_4*(A^) is ample. 

We will use the induction on n. When n = 4, then M-q^a = ^rid the result is 
straightforward. 

Let B be an integral complete curve on Mq,^. Since we only consider the intersection 
numbers only, we may assume B is nonsingular by applying normalization. We will 
divide into three cases: 

(1) B is in a component of nodal boundary. 

By (13) and the induction hypothesis, when we restrict (p^*(A_4) to a component 
of boundary of nodal curves, the restriction is ample and there is a lower bound of 
intersection numbers. 

(2) A general point of B parameterizes smooth curve and there exist J C [n] with 
I Jl > 2 such that ffi — ffj for all i, j G J and al < 0. 

We may assume that J is maximal among such subsets. In this case, B is contained 
in the image of xj '■ ^q,A' ~^ ^o,a defined in section 2.2. Let p be the unique index of 
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A' replacing indices in J. Then by (5) and Lemma 2.5, 

n 

i=l i<j 

= -2D„od + ^(1 +aOil)i + }^(1 +aOibp+ (ai + aj]D{g} 

ier tej i<j,i,jGj': 

(15) iejjep i<j,yej 

= -2Dnod + _^(1 +ai)i|ji + (1 +_^aj)il;p + (|J|-l)-i|;p+ (ai + aj)D{y} 

+ L (^L + ^j) ^iv,n + (IJI - 1 ) L ajD{p,j} - (IJI - 1 ) ( }^ a^)i|;p 

jej'^ ieJ jej'^ ieJ 

= (p^,,(A^0 + (IJ|-1]((l -_^aOiIjp + _^ajD{p,j}). 

ieJ jej'= 

By induction hypothesis, cp^/* ( A^/ ) ■ B is bounded below by a positive number. Since 
ffp < by assumption, \[)p = — cTp > on B. The last summand is nonnegative since 
D{p i} does not cover whole B because of the maximality of J. Hence there exists a 
positive lower bound of the intersection number cp^* (A^) ■ B. 

Remark 3.6. Indeed, the term (1 — O-OU'p + Hje]" ^i^lp-i) ^ ^^^^ (1^) 
Cp in [FedlO, Theorem 1]. Fedorchuk proved that Cp is nef on Mq,^. 

(3) Otherwise. 

In this case, a general point of B parameterizes a smooth curve. Note that there 
exists 6 > such that every A= (ai , ai, • • ■ , an)-stable curve is also = (ai — 5, ai — 
5, ■ ■ • , Qn — 6)-stable too. Therefore Mo,a = ^o,a-i arid Va = VAt so (p^*(A_4, ] is nef by 
Proposition 3.2. Thus 

n 

(PA*{^a) = (PA*i^Mo,^ + 'Y^i^i'> 

n 

= VaA^Mq^^ + _^(ai - + 6(p^*(^^) = (Pa*[^a, ) + ^<PA*i^)- 

On Mo,n/ ^ = )(^H) p. ]-,y [FG03, Lemma 1]. Thus (p^^,(A^) is a sum of a nef 

divisor cp^* (A^, ) and an effective divisor Scp^lip) +P supported on the boundary. Note 
that ^\) and cp^*(i|)) are positive linear combinations of all boundary components. So if 
we take a divisor P with small coefficients with respect to boundary divisors, then 
+ P is an effective sum of boundary divisors. 

We claim that ( cp^* ( A^) + P) ■ B is nonnegative. Since B does not lie on nodal bound- 
ary divisors, Dj ■ B > for all boundary divisors of nodal curves. Also, since B has no 
coincident sections with negative self intersections, Dj • B > for all divisors of coinci- 
dent sections, too. Therefore B intersects non-negatively with cp^*(A^) + P. So for any 
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metric IMI on N^(Mo,^), there exists cc> such that if ||P|| < a, then ((p^*(A^)+P)-B > 
for every irreducible curve B. Note that oc depends on only 5, but not on B. Thus there 
exists a positive lower bound of the intersection number cp^* (A^) ■ B. 

Note that there exists only finitely many strata on Mq,^. So there exists only finitely 
many positive lower bounds of (p^*(A^] ■ B with respect to each stratum. After taking 
the minimum, we get the global positive lower bound of intersection numbers. □ 

Remark 3.7. Theorem 3.1 shows an unexpected duality. Let (C,xi,X2, • ■ ■ ,Xn) be a 
stable pointed rational curve. Then the log canonical model C(a)c + Y- O-i^O is an 
^-stable curve. More precisely, it is (p^(C, xi,X2, ■ ■ • ,Xn). The same weight datum 
determines the log canonical model Mo,n(K^^ n ~'~ ^ 

Remark 3.8. Suppose that the weight datum ^ = (ai, • ■ • , a^) is symmetric, i.e, ai = 
■ ■ ■ = Qn = oc for some 2/n < a < 1 . Then by [FG03, Lemma 1] and [Pan97, Proposition 
2], 

Ln/2J _ 

(16) V=^°'=^^o,n+2D. 
So for a > 0, 

(17) K^o.n + 'xxl^ = (1 + '^)(Kmo,. + TT^D). 

Therefore the log canonical model of the pair (Mo,n, ^Mq,^ + equal to the log 

canonical model of the pair [M.ci,ni ^ + i^D). If we substitute (3 = jf^, then we get 
Theorem 1.2. Hence it is a generalization of Simpson's theorem (Theorem 1.2). 

Remark 3.9. A divisor A on )\/lo,n is called log canonical if 

(18) A^r(%^^^+ Y. '^iDi) 

iC[n],2<|I|<n-2 

for some r > and < Ci < 1 [AGSIO, Definition 6.2]. For a log canonical divisor 
A, it is nef if and only if A intersects with vital curves nonnegatively ([FG03, Theorem 
5]). So if (p^cp^JA^) in (6) is log canonical, then the proof in [MolO] is sufficient. But 
for some weight data, (p^(p^*(A^) is not log canonical. For example, if n = 10 and 
A = (1,1,e,e, ■•■,£) for sufficiently small e > 0, then by using computer algebra 
system, we can check that (p^cp^* ( A_4) is not log canonical. So for a complete proof, we 
need the argument in this paper. 
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